Stat 321 - Review Problems Solutions

 

1) Suppose that Chris rolls a fair four-sided die (numbered 1-4) and Amy rolls a fair six-sided die (numbered 1-6). What is the probability that Amy rolls a larger number than Chris?

 

The sample space consists of 24 (6x4) equally likely outcomes.  Recording pairs in (Amy, Chris) order, the outcomes for which Amy rolls a larger number than Chris are (2,1),(3,1),(4,1),(5,1),(6,1),(3,2),(4,2),(5,2),(6,2),(4,3),(5,3),(6,3),(5,4),(6,4).  Since there are 14 such outcomes, the probability of the event is 14/24, or 7/12, or about .583. 

2) Suppose that a student is given 25 problems to solve for homework and that she correctly solves 20 of them. Then suppose that the instructor randomly picks 5 of the 25 problems to be graded.

(a) What is the probability that the student gets exactly four of the graded problems correct?

There are a total of C5,25=53,130 ways of choosing 5 problems from the 25.  There are C4,20=4845 ways to choose four that the student can solve from the 20 that she knows and C1,5=5 ways to choose one that she can not solve from the remaining 5.  Thus, the probability is 5*4845/53130, or about .456.

 

(b) What is the probability the student gets at least one of the graded problems correct?

The probability of getting at least one correct is one minus the probability of getting zero correct.  There is only one way to get all five questions that she can not solve on the exam, so the probability of getting at least one correct is 1- (1/53130), or about .99998.

 

3) In the final match of the 2002 U.S. Open men’s tennis championship, the awesome Pete Sampras won the point 67% of the time when his first serve landed in and 53% of the time when his first serve did not land in.  His first serve landed in 66% of the time.  Determine the percentage of times that Sampras won the point when he served.  Indicate what rule you use.

Let F denote the event that his first serve lands in, and let W denote that he wins the point.  By the Law of Total Probability, P(W)=P(W|F)P(F)+P(W|F')P(F') = (.67)(.66)+(.53)(1-.66) = .6224, so he won a little more than 62% of the points that he served. 

4) pages 46-50: problems 59, 80 (see page 32 for discussion of “percentiles”)

Problem 59 

(a) The ED group has 27 observations, so the median will occur at the (27+1)/2 = 14th observation.  This value is .4, so that is the median.  Now, there are 14 observations "below" the median (include the median). The median of these 14 values will fall between the 7th and 8th. These are both .1, so their average is .1, so the lower fourth is .1. = lower fourth.  For the 14 observations "above" the median, the 7th and 8th observations are 2.7 and 2.8, so the upper fourth is the average of these: 2.75.  The fourth spread is therefore 2.75-.1 = 2.65. 

The non-Ed has 50 observations, so the median falls between the 25th and 26th.  These are 1.5 and 1.7, so the median is 1.6.  For the 25 observations below the median, their median falls at the 13th value, which makes .3 the lower fourth.  Similarly, the 13th observation above the median is 7.9, which is therefore the upper fourth.  The fourth spread is therefore 7.9-.3 = 7.6. 

(b) ED: 1.5(2.65) = 3.975 
lower fourth-3.975= -3.875; no values are below -3.875, so there are no low outliers 
upper fourth +3.975 = 2.75+3.975 = 6.725; the values of 8.9, 9.2, 11.7, and 21 exceed this, so they are at least mild outliers. Checking to see if any of  these are also extreme outliers, 3(2.65) = 7.95; upper fourth + 7.95 = 10.7. So 11.7 and 21 are extreme, 8.9 and 9.2 are mild. 

Non-Ed: 1.5(7.6) = 11.4 
lower fourth-11.4 < 0, so there are no low outliers 
upper fourth+11.4 = 7.9+11.4=19.3; no values exceed this, so there are no upper outliers. 

(c) 


The ED group has a tendency for lower values and much less spread than the Non-ED group, though it does have several outliers.  Note: This graph was produced in Minitab, so the calculation of the fourths may not agree completely with the hand calculations. 

Problem 80

(a) 

(b) There are 6+23+30+35+32+48+42=216 route lengths less than 20km.  There are 175 routes of 20km or longer, so there are a total of 391 routes in this system.  The proportion of routes less than 20km is therefore 216/391, or about .552.  There are 40 routes of at least 30km, which is a proportion of 40/391, or about .102. 

(c) The 90th percentile is the value such that 90% of the values fall below it.  The 90th percentile here is about 30km. 

(d) The median route length is about 17 or 18km since about half of the lengths are longer and half are shorter. 
  

5) Suppose that 5 percent of men and .25 percent of women are color blind. A color blind person is chosen at random. 

(a) What is the probability of this person’s being male? Assume that there are an equal number of males and females in the population.

We are given that P(color blind|male) = .05 and P(color blind|female) = .0025.  Since the person chosen is color blind, we can condition on that event, so we want P(male|color blind).  Assume P(male)=P(female)=0.5.  Since we want to find a conditional probability (reversing the conditioning), we use Bayes’ Theorem: 

P(male|color blind) = P(color blind|male)P(male) / [P(color blind|male)P(male) + P(color blind|female)P(female)]

= .05(.5) / [(.05(.5)+.0025(.5)] = .9523

Another approach: Suppose we had a population of 100,000 people for whom these percentages hold exactly.  We can construct the following two-way table:

 
male
female
 

color blind
.05(50,000) =2500
.0025(50,000)=125
2500+125=2625

not color blind
 
 
 

 
.5(100,000)=50,000
.5(100,000)=50,000
100,000

The proportion of the 2625 color blind people who are male is 2500/2625 = .9524. 

(b) How does your answer to (a) compare to P(male)? [P(male) is the unconditional probability of a member of the population being male.] Briefly explain why this makes sense.

P(male|color blind) is much higher than P(male), since .9524 is much larger than .5. This is because males are 20 times more likely to be color blind than females, so once we know that the person is color blind, there is a very good chance the person is male. 

Note: In this problem, the answer also equals .05/(.05+.0025) but this is not normally the case. It only happened here because we assumed P(male)=P(female) to begin with. 

6) Suppose A and B are two events with P(A)=.4, P(B)=.7. Find the minimum and maximum possible values of P(A Ç B) and the conditions under which each of these values is attained.

To make P(A Ç B) small, want to decrease the amount of "overlap" between the two sets. This directly leads to an increase in P(AÈB) by the General Addition Rule. However, we can’t make them mutually exclusive as then P(AÈB)=P(A)+P(B) would exceed one.  If we set P(A È B)=1, then P(A)+P(B)-P(A Ç B) = .7+.4-P(A Ç B) = 1, and so the smallest we can make P(A Ç B) is .7+.4-1 = .1. 

To increase P(A Ç B) we want to increase the amount of overlap. In fact, we can make them overlap completely by putting A inside of B. Then P(A Ç B) = P(A)=.4. 

7) Two cards are randomly selected from an ordinary playing deck. What is the probability that they form a blackjack(one of the cards is an ace and the other is a ten, jack, queen, or king)?

Since we are selecting the cards at random, the outcomes are equally likely. There are C(52,2) ways to choose two cards from the deck. There are C(4,1) ways to choose an ace and C(16,1) ways to choose a ten card.  Thus, P(black jack) = [# of ways to get black jack] / [number of ways to pick 2 cards]  = C(4,1)C(16,1) / C(52,2) = .0483. 

8) page 90: problem 71

One way to establish independence of A' and B is to show P(A' Ç B) = P(A')P(B), another is to show P(A'|B) = P(A')

One strategy is to use the complement rule with conditional probabilities: P(A'|B) = 1-P(A|B) which, by independence of A and B is 1-P(A) = P(A')

We could also use the fact that P(A' Ç B) = P(B)-P(A Ç B) = P(B) – P(A)P(B) by the independence of A and B

= P(B)[1-P(A)] = P(B)P(A')

 

9) pages 92-94: problems 93, 99, 102

Problem 93

(a) Since the orderings for the five people are equally likely (the person told the rumor is selected at random), we can use our shortcut. 
The probability of BCDEF is the number of ways to tell BCDEF divided by the number of ways to tell 5 people. In telling 5 people, there are 5 choices for the first person, 4 for the second, 3 for the third, 2 for the fourth, and then the last to know is told. Thus, there are 5! arrangements. (This is equivalent to P5,5.) BCDEF is just one of these arrangements, so P(BCDEF)=1/5! = 1/120 = .00833. 

(b) Number of ways that F is third person: There are 4 other people who could be first, then 3 other people who could be second. If F is told third, then there are 2 ways to arrange the last two people = 4(3)(2)(1) = 24. So P(F is third) = 24/120 = .20. 

(c) Number of ways that F is last person is also 4! and P(F is last)=24/120 = .20 again. This makes sense since there is a 1/5 probability for F to be in any of the 5 positions. 

 

Problem 99

Let F = {first component functions} and S = {second component functions} 

Given: P(S) =.9, P(F È S) = .96, P(F Ç S) = .75 

Want to find: P(S|F) 

P(S|F) = P(S Ç F)/P(F) by the definition of conditional probability 

So we need find P(F), but P(F) = P(F È S) - P(S) + P(F Ç S) = .96 - .9 + .75 = .81 by the addition rule 

So P(S|F) =P(S Ç F)/P(F) =.75/.81 = .926 

Another approach: 

From the given information we can say 

 
F
F'
 

S
.75
 
.9

S'
 
1-.96
 

 
 
 
1.00

Thus, our probability table is: 

 
F
F'
 

S
.75
.15
.9

S'
.06
.04
.1

 
.81
.19
1.00

and so P(S|F) = .75/.81 = .926 

 

Problem 102

P(needs rework | line A1) = .05, P(rework | A2) = .08, P(rework | A3) = .10. 

P(line A1) = .50, P(line A2) = .30, P(line A3) = .20. 

P(A1 | rework) = P(rework | A1) P(A1)/P(rework) by Bayes’ Theorem 

= .05(.5)/[(.05)(.5)+.08(.30)+.10(.20)] = .025/.069 = .362 

Thus, given that it needs rework, the probability that it’s A1 is .025/.069, or about .362. 

P(A2| rework) = P(rework|A2)P(A2)/P(rework) = .08(.30)/.069 = .348 

P(A3| rework) = P(rework|A3)P(A3)/P(rework) = .10(.20)/.069 = .299 

 

Another approach: Suppose we have 1000 components   

 
needs rework
Doesn’t need rework
total

A1
.05(500) = 25
 
500

A2
.08(300) = 24
 
300

A3
.10(200) = 20
 
200

total
25+24+20=69
 
1000

Of those that need rework, 25/69 = .3623, or 36% come from line A 

 

10) Explain how a person can move from state A to state B and the mean IQ in both states can decrease as a result.

If the person's IQ is higher than the mean in state A, then deleting that person from state A will cause state A's mean IQ to drop.  If the same person then has an IQ less than the mean in state B, that state's mean IQ will also drop. 

11) Create a hypothetical set of 10 exam scores such that 90% of them are greater than the mean.

Lots of answers are possible.  They key is to have one very small value that pulls down the mean to where the other nine exceed it.  One example is: 10, 90, 90, 90, 90, 90, 90, 90, 90, 90.  The mean here is 820/10 = 82, and 9/10 values are greater than the mean.    

 

